Background {#Sec1}
==========

The study of fixed points for multivalued contractions and nonexpansive mappings using the Hausdorff metric was initiated by Markin ([@CR27]) and Nadler ([@CR28]). The existence of fixed points for multivalued nonexpansive mappings in convex metric spaces has been shown by Shimizu and Takahashi ([@CR35]), that is, they proved that every multivalued mapping $\documentclass[12pt]{minimal}
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                \begin{document}$$T : X \rightarrow C(X)$$\end{document}$ has a fixed point in a bounded, complete and uniformly convex metric space (*X*, *d*), where *C*(*X*) is the family of all compact subsets of X.

Late, so many fixed point theorems for such mappings have applications in control theory, convex optimization, differential inclusion and economics (see Gorniewicz [@CR13] and references cited therein).

Since then many authors have been published papers on the existence and convergence of fixed points for multivalued nonexpansive mappings in uniformly convex Banach spaces and convex metric spaces.

The theory of multivalued nonexpansive mappings is more difficult than the corresponding theory of single valued nonexpansive mappings. Different iterative algorithms have been used to approximate the fixed points of multivalued nonexpansive mappings (see Abbas et al. [@CR1]; Khan and Yildirim [@CR18]; Khan et al. [@CR15]; Panyanak [@CR30]; Shahzad and Zegeye [@CR34]; Sastry and Babu [@CR33]; Song and Wang [@CR37], [@CR38]; Song and Cho [@CR36]) in uniformly convex Banach spaces.

On the other hand, in García-Falset et al. ([@CR10]) introduced two new conditions on single valued mappings, are called condition (*E*) and $\documentclass[12pt]{minimal}
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                \begin{document}$$(C_{\lambda })$$\end{document}$ which are weaker than nonexpansive and stronger than quasi-nonexpansive.

Recently, Abkar and Eslamain ([@CR2]) introduced an iterative process for a finite family of generalized nonexpansive multivalued mappings and proved $\documentclass[12pt]{minimal}
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                \begin{document}$$\Delta $$\end{document}$-convergence and strong convergence theorems in CAT(0) spaces.

In the view of the fact, many researchers motivated towards to introduced various numbers of iterative processes for approximating fixed points and established $\documentclass[12pt]{minimal}
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                \begin{document}$$\Delta -$$\end{document}$convergence and strong convergence theorems, not only for multivalued nonexpansve mappings but also its general class of multivalued mappings in CAT(0) spaces (see Abkar and Eslamain [@CR2]; Dhompongsa et al. [@CR8]; Eslamian and Abkar [@CR9]; Khan et al. [@CR16]; Laowang and Panyanak [@CR24]; Nanjaras et al. [@CR29]; Pathak et al. [@CR31]) and in hyperbolic spaces (see Chang et al. [@CR5], [@CR6], [@CR7]; Khan and Abbas [@CR17]).

The purpose of this paper is to establish existence of a fixed point for generalized nonexpansive multivalued mappings in the setting of hyperbolic spaces. Under suitable conditions some $\documentclass[12pt]{minimal}
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                \begin{document}$$\Delta $$\end{document}$-convergence and strong convergence theorems for the iterative scheme proposed by Chang et al. ([@CR5]) to approximate a fixed point for generalized nonexpansive multivalued mapping are proved. Our results are the extensions and improvements of the recent well-known results announced in the current literature.

Preliminaries {#Sec2}
=============

Throughout in this paper we consider hyperbolic space which is introduced by Kohlenbach ([@CR23]) as follows:

A hyperbolic space (*X*, *d*, *W*) is a metric space (*X*, *d*) together with a convexity mapping $\documentclass[12pt]{minimal}
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                \begin{document}$$(W_{2}) \quad d(W(x, y, \alpha ), W(x, y,\beta )) = \vert \alpha - \beta \vert d( x, y); $$\end{document}$$\documentclass[12pt]{minimal}
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                \begin{document}$$(W_{3}) \quad W(x, y, \alpha ) = W( y, x, 1-\alpha );$$\end{document}$$\documentclass[12pt]{minimal}
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                \begin{document}$$(W_{4}) \quad d( W(x, z, \alpha ), W( y, w, \alpha ))\le (1-\alpha ) d( x, y) + \alpha d( z, w),$$\end{document}$for all $\documentclass[12pt]{minimal}
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                \begin{document}$$ \alpha , \beta \in [0,1]$$\end{document}$.

It should be pointed out that if a metric space (*X*, *d*) with a mapping $\documentclass[12pt]{minimal}
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                \begin{document}$$W: X \times X \times [0,1] \rightarrow X$$\end{document}$ satisfies only condition $\documentclass[12pt]{minimal}
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                \begin{document}$$(W_{1})$$\end{document}$, then it coincides with the convex metric space which is introduced by Takahashi ([@CR39]) (see also Kim et al. [@CR20], [@CR21]). The concept of hyperbolic spaces given here is more restrictive than the hyperbolic type defined by Goebel and Kirk ([@CR11]), since the conditions $\documentclass[12pt]{minimal}
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                \begin{document}$$(W_{1})- (W_{3})$$\end{document}$ together are equivalent to (*X*, *d*) being a space of hyperbolic type in Goebel and Kirk ([@CR11]). But it is slightly more general than the hyperbolic space defined in Reich and Shafrir ([@CR32]). The class of hyperbolic spaces contains normed linear spaces and convex subsets, therefore the Hilbert ball equipped with the hyperbolic metric Goebel and Reich ([@CR12]), R-trees, Hadamard manifolds as well as CAT(0) spaces in the sense of Gromov (see Bridson and Haefliger [@CR4]).
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                \begin{document}$$ \lambda \in [0,1],$$\end{document}$ then we use the notation $\documentclass[12pt]{minimal}
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                \begin{document}$$W(x, y, \lambda )$$\end{document}$. The following holds even for the more general setting of convex metric space Takahashi ([@CR39]), for all $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} d( x, (1-\lambda )x \oplus \lambda y) = \lambda d( x, y) \quad \mathrm{and}\quad d( y, (1-\lambda )x \oplus \lambda y)= ( 1-\lambda ) d( x, y). \end{aligned}$$\end{document}$$A hyperbolic space (*X*, *d*, *W*) is said to be uniformly convex Leuştean ([@CR26]) if for any $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} d\bigg (\frac{1}{2} x \oplus \frac{1}{2} y, a \bigg )\le &\, {} ( 1- \delta ) r. \end{aligned}$$\end{document}$$provided $\documentclass[12pt]{minimal}
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                \begin{document}$$ \varepsilon \in (0, 2],$$\end{document}$ is called as a modulus of uniform convexity. We call the function $\documentclass[12pt]{minimal}
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                \begin{document}$$ \eta (r_{2} , \varepsilon ) \le \eta (r_{1}, \varepsilon ),  \forall r_{2} \ge r_{1} >0.$$\end{document}$

In Leuştean ([@CR26]), proved that CAT(0) spaces are uniformly convex hyperbolic spaces with modulus of uniform convexity $\documentclass[12pt]{minimal}
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                \begin{document}$$\varepsilon .$$\end{document}$ Thus, the class of uniformly convex hyperbolic spaces are a natural generalization of both uniformly convex Banach spaces and CAT(0) spaces.
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                \begin{document}$$ x \in X$$\end{document}$, there exists an element $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$\begin{aligned} d(x, y) = {\text {dist}}( x, K) := \inf \{d( x, z): z \in K \}. \end{aligned}$$\end{document}$$It is well known that each weakly compact convex subset of a Banach space is proximal, as well as each closed convex subset of a uniformly convex Banach space is also proximal.

Let *CB*(*K*) be the collection of all nonempty and closed bounded subsets, and *P*(*K*) be the collection of all nonempty proximal bounded and closed subsets of *K*, respectively.
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**Definition 1** {#FPar1}
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Now we define the multivalued version of the condition (*E*) and $\documentclass[12pt]{minimal}
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                \begin{document}$$(C_{\lambda })$$\end{document}$ in the following way (see Abkar and Eslamain [@CR2]).

**Definition 2** {#FPar2}
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We say that *T* satisfies condition (*E*) whenever *T* satisfies $\documentclass[12pt]{minimal}
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We can easily prove the following proposition from the Definition 3.

**Proposition 4** {#FPar4}
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**Lemma 5** {#FPar5}
-----------
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Now we provide an example of generalized nonexpansive multivalued mapping satisfying condition $\documentclass[12pt]{minimal}
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It is known that each uniformly convex Banach space and each CAT(0) space enjoy the property that each bounded sequence has a unique asymptotic center with respect to closed convex subsets. This property also holds in a complete uniformly convex hyperbolic space. This can be proved by Leuştean ([@CR25]) and ensures that this property is also holds in a complete uniformly convex hyperbolic space.

**Lemma 7** {#FPar7}
-----------
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**Lemma 8** {#FPar8}
-----------
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**Lemma 9** {#FPar9}
-----------
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**Lemma 10** {#FPar10}
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The following lemma is a generalization of Abkar and Eslamain ([@CR2], Theorem 3.4) from CAT(0) space to hyperbolic space.

**Lemma 11** {#FPar11}
------------
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**Theorem 12** {#FPar13}
--------------
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-------

The proof of Theorem 12 is divided into three steps as follows:
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-------
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-------
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Conclusion remarks {#Sec5}
==================

Our Theorems 12, 13, 14, 15, 17, 18 and 19 are improvements and extensions of the corresponding results in the following senses:Our results are setting in hyperbolic spaces instead of uniformly convex Banach spaces in Chang et al. ([@CR6], Theorems 3.1,  3.2 and Theorems 4.1, 4.2 and 4.3) and Khan et al. ([@CR18], Theorems 1 and 2).We used the generalized multivalued mappings in hyperbolic spaces instead of the SCC, SKC, KSC, KSC SCS and *C*-type multivalued mappings in Chang et al. ([@CR7], Theorems 2.1 and  2.4).We used the generalized nonexpansive multivalued mappings in hyperbolic spaces instead of nonexpansive multivalued mappings in Chang et al. ([@CR5], Theorems 2.1 and 2.2) and Khan et al. ([@CR17], Theorems 2.4 and 2.5)Our results are setting in hyperbolic spaces instead of CAT(0) spaces in Abkar et al. ([@CR2], Theorems 3.6, 3.7 and 3.12) and Pathak et al. ([@CR31], Theorems 3.2, 3.3 and 3.4).
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